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1)Show that orthotropic, tetragonal and cubic systems will have only 9, 7
and 3, respectively, independent elastic moduli.

e Stiffness tensor transforms as C’{jkl = WipGjqrisCpgrs-

e If crystal system is symmetric with respect to transformation A then
z{jkl = Z WipQjqQkrAisCpgrs = Cijri (1)

ORTHORHOMBIC: Essential symmetry is the existence of three perpendicular 2-fold
axis of symmetry. Let A; represent the 2-fold rotation about the i** axis. i = 1,2,3. Then

1 0 O -1 0 0 -1 0 0
0 0 -1 0 0 -1 0 0 1

In all these transformation matrices, we see that a;; = 0 if i # j. Hence, in (1), only one
term survives after the summation. Thus
C!

ikl = aiiajjakkallcijkl = Cijkl (2)

Thus if Cjji is non-zero , then ajajjaray = 1. In other words, if a;a a0y = —1 then
Cijie = 0. Now looking for the possibilities of -1 we have



14 = Cligg = G11a11a20a33 = =1 = Chi23 =0 (3)
—_——
A—)A3
Cls = Clys = anananagy = -1 = Ciig3 =0 (4)
—_——
A‘)Ag
Cls = Cli1g = anananan = -1 = Cip =0 (5)
—_——
A—)AQ
Oy = Chgoz — (92022092033 = —1 = Cogp3 =0 (6)
_—
A—)A3
b5 = Cho1g = Go2aa11a33 = —1 = Cogyz =0 (7)
_—
A*}Ag
Céﬁ = Cémz — (22022011022 = —1 = U129 = 0 (8)
—_—
A—)AQ
5a = Cizog — Us3G33092a33 = —1 = Clg303 = 0 (9)
—_—
A—}A3
35 - 03313 — agsassannaszy = —1 = Cs313 =10 (10)
—_
A*)Ag
Céﬁ = C:/;312 — a3zaszaiiax = —1 = Csz12 =0 (11)
—_—
A—)Al
5 = Cogig = ansasganiagy = —1 = Cazz =0 (12)
—_—
A—)Al
Cis = Cogiy = U22a33011023 = —1 = Ca312 =0 (13)
—_—
A*)Ag
éﬁ = 01312 — a11as3ai1a2 = —1 = Ciz12 =10 (14)
—_—
A—)AQ

Thus, 12 elastic modulli became zero. Initially we had 21 independent constants. So, now
we have 21 — 12 = 9 independent constants.

TETRAGONAL: Essential symmetry is the existence of one 4-fold(90°) rotation axis.
Let A represent the 4-fold rotation with respect to 3-axis.

0 1
A=1-1 0
0 O

_ o O

As a 4-fold axis has a two-fold inside, we would be able to use some of the equations of
orthogonal system will also hold now. In the last section, all the equations derived from the



As will also hold here. Thus,
Ciy=0C15 =0y =Cs5 =C34 =C35 =Cys =0

which gives 7 constraints. In the current A matrix, it should be noted that each row has
only one non-zero entry. Thus, for a given ¢jkl, there will be only one non-zero term in the
summation of (1). Hence, this case also can be done easily as follows,

!/ !/

Chy = Chiny = a12012012012C220 = Czgp = Cho =Chy (15)
! !

Cls = Cligg = @12012a33033C2033 = Coozz = O = (i3 (16)
! !/

Cha = Cazo3 = an1033a21a33C1313 = Clziz = Css = Cy (17)
! ! equations for 2 moduli

Cls = Cliip = 012012012091 Cagon = —Cagy = —Cs |** =Che (18)
/ / - so counted as only

Cos = Cp1p = 2102101201 Crin = —Cizr = =Clis | one equation = Cg (19)
! !/

C36 = Csg1p = 33033012021 C3301 = —Clz312 = —Cise = C3 (20)
/ /

Chs = U313 = a21a33012a33C 1303 = —Clzo3 = —Csy = —Cy3 = Cys (21)
! /!

Cye = Cl319 = a12a33012021Ca321 = —Chozp1 = —Cls = Csg (22)

As we can see (18) and (19) are dependent which actually give one constraint. From (20),
C36 = (. From (21), 045 =0. As 046 = 0, from (22), 056 = 0.
Thus the number of independent modulli is

21 — 7 — 7 =7

From equation in this session = From equations in the last session

CUBE: Essential symmetry is the existence of 4 3-fold axis.Let A; be the rotation matrix
such that

e A; — rotation along [1 1 1] direction.
e A, — rotation along [-1 1 1] direction.
e A3 — rotation along [1 -1 1] direction.

e A, — rotation along [-1 -1 1] direction.

010 0 -1 0
A;=10 0 1 A, =10 0 1
100 -1 0 0

0 -1 0 0 1 0
A;=|(0 0 -1 A=([0 0 -1
1 0 O -1 0 0
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equations for 2 moduli - so counted as only one equation


Here also, in each row of A; has only one non-zero entry. Hence, in the summation of (1)
only one term will remain.
Considering A — A;m we get the following independent equations.

! !
11 — 01111 = a12012012012C9290 = Cagge = Coy = C1y

! !
ng = C2222 = Q3023023023C'3333 = U333 = Cs3 = Uy

[\
ot

! !
012 = 01122 = A12012023023C2233 = Cagzs = Cg = (o

DO
D
o — T —

! !
023 = 02233 = a93a23a31a31C3311 = Cs311 = Cs1 = Cag
! !
044 = 02323 = 23031023031C3131 = Cs131 = Cs5 = Cyy
28

N /N /N /N /—/—

! !
055 = 01313 = 12031012031 C2121 = Ca121 = Cgs = Css

As the cubic system is a very symmetric object, It has the symmetry elements of few lower
classes also. In particular, it satisfies the requirement of orthorhombic system. We know if a
system is symmetric with respect to By, By then it is also symmetric with respect to By % Bs.
If B;X = X and BoX = X then

(By % Bo)X = By # (BoX) = B X = X

We also notice that

1 0 0
A3A1 A4 =10 -1 0 = (Al)orthorhombic
0 0 -1
-1 0 0
A2A3A4 = 0 1 0 = (AQ)orthorhombiC
0 0 -1
-1 0 0
Al A2 A4 - 0 -1 0 - (A?))orthorhombic
0O 0 1

Hence the cubic system also satisfies the constraints of orthorhombic system. All the elastic
modulli which are found to be zero in orthorhombic case is also zero here. Hence the number
of independent modulli is

21 — 12 — 6 =3

from orthorhombic case  from (23) to (28) of this session



3)Show that an isotropic system will have only two independent elastic mod-
uli.

If the system is isotropic, then it is symmetric with respect to any axis of rotation. Let
us consider a special case of rotation about 3-axis,45° rotation. The corresponding A matrix
will be

1 L 9
V2 V2
A=[-+ L o0
V2 V2
0 0 1

Considering the transformation of Cfg, we get

! !
Cos = Clo1z = § :alpa2qa17"a2scpqrs

This transformation involves the coefficients a;; only from 1% and 2" row of A matrix. And
as a;3 = 0 for ¢+ = 1,2, this summation will have only 16 non-zero term. We can also see
that the coefficient of Cpgs in each of these terms is either 1 (when ¢ = s) or —1 (when
q # s). And C,,,s should also satisfy the symmetries of the cubic system for it to be isotropic.
Keeping these things in mind, expanding the summation we get,

+Chi11 — Criiz + Crizr — Ciie
—Cha11 + Ci212 — Cia21 + Chan
+Co111 — Cariz + Cara1 — Car2z
—Ca911 + Caz12 — Coo91 + Chazo

/ p—
66 —

| =

+Ci — C16 + C16 — Cho
/ :lx —Ce1 + L6 — L6 + Coz
0674 +Cs1 — Co6 + Co6 — Co
—Co1 + Co5 — Co6 + Co

Now using cubic symmetry constraints,

Ce1 =0; Cpa; Co = Cha; Co =0Chy

Thus ] ]
éa = 1(2011 —2C)2) = 5(011 — Ch2)

Thus by requiring symmetry we get
1
Ces = Cs5 = Cyy = 5(011 —C12)

The above equation gives one more constraint on a cubic system. Thus for isotropy , number
of independent of elastic modulli is 3 — 1 = 2.





